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bstract
Let f  : A  →  B  and g  : A  →  C  be two ring homomorphisms and let J  and J′ be two ideals of B  and C, respectively, such that
−1(J) = g−1(J′). The bi-amalgamation of A  with (B, C) along (J, J′) with respect to (f, g) is the subring of B  ×  C  given by
f,g(J,  J ′) =  {(f  (a) +  j,  g(a) +  j′) | a  ∈  A,  (j,  j′) ∈  J  ×  J ′}
he aim of this paper is to characterize the global dimension of bi-amalgamated algebras over pure ideals. 2015 The Authors. Production and hosting by Elsevier B.V. on behalf of Taibah University. This is an open access article under
he CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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Throughout, all rings considered are commutative
ith unity and all modules are unital. For a ring
, gldim(R) and wgldim(R) will denote the global
imension of R  and the weak global dimension of
, respectively. For an R-module M, the projective
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C BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).dimension of M  and the flat dimension of M  are denoted
by pdR(M) and fdR(M), respectively.
The following diagram of ring homomorphisms
is called pullback (or fiber product) if the homomor-
phism ι2 ×  μ2 : R →  R1 ×  R2 induces an isomorphism of
R onto the subring of R1 ×  R2 given by
μ1 ×  ι1 :=  {(r1,  r2) | μ1(r1) =  ι1(r2)}
The homological properties of a fibre product R havebehalf of Taibah University. This is an open access article under the
been studied previously. Milnor [1] has characterized
projective modules over such a ring R assuming that
ι1 is surjective. Facchini and Vamos [2] have obtained
analogues of Milnor’s theorems for injective and flat
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modules. In 1985, Wiseman [3] obtained the following
upper bound on the global dimension of R:
gldim(R)   max{gldim(R1),  gldim(R2)}
+ max{fdR(R1),  fdR(R2)}
He also pointed out the fact that it is impossible to esti-
mate gldim(R) with only gldim(R1) and gldim(R2) given,
because there exists examples in which the pullback R
has infinite global dimension whilst those of the compo-
nent rings R1 and R2 are finite.
In 1988, Kirkman and Kuzmanovich [4] showed that
if ι1 is surjective then
gldim(R)   max{gldim(R1) +  fdR(R1),
gldim(R2) +  fdR(R2)}
The aim of this paper is to give a preliminary study of
the (weak) global dimension of a subclass of pullbacks
rings called bi-amalgamated algebras introduced in [5].
Let f  : A  →  B  and g  : A  →  C  be two ring homo-
morphisms and let J  and J′ be two ideals of B  and
C, respectively, such that f−1(J) = g−1(J′). The bi-
amalgamation of A  with (B, C) along (J, J′) with respect
to (f, g) is the subring of B  ×  C  given by
Af,g(J,  J ′)
=  {(f  (a) +  j, g(a) +  j′) | a  ∈  A,  (j,  j′) ∈ J  × J ′}
In [5], the authors studied ring-theoretic prop-
erties of bi-amalgamations, provided examples of
bi-amalgamations, studied the transfer of some basic ring
theoretic properties to bi-amalgamations and described
the prime ideal structure of these constructions. They
also showed how these constructions arise as pullbacks.
Given f : A  →  B  and g  : A  →  C  two ring homomorphisms
and J  and J′ be two ideals of B  and C, respectively,
such that f−1(J) = g−1(J′) : = I, the bi-amalgamation is
determined by the following pullback:where μ1 and μ2 are the surjection mor-
phisms induced from the canonical surjections
of (f(A) + J) ×  (g(A) + J′) into f(A) + J and g(A) + J′,University for Science 9 (2015) 361–365
respectively, and α(f  (a) +  j) =  a  and β(g(a) +  j′) =  a,
for each a  ∈  A  and j, j′ ∈ J  ×  J′. That is
Af,g(J,  J ′) =  α ×A
I
β
The interest of these bi-amalgamations resides, partly,
in their ability to cover several basic constructions in
commutative algebra, including classical pullbacks (e.g.,
D + M, A  + XB[X], A  + XB[[X]], etc.), Nagata’s idealiza-
tions (also called trivial ring extensions which have been
widely studied in the literature), and Boisen–Sheldon’s
CPI-extensions [6].
Given a ring homomorphism f : A  →  B  and an ideal
J of B, the bi-amalgamation A   ι,f(f−1(J), J) coincides
with the amalgamated algebra introduced in 2009 by
D’Anna, Finocchiaro, and Fontana [7,8] as the following
subring of A ×  B:
Af J  =  {(a,  f  (a) +  j) |  a  ∈  A,  j  ∈ J}
When A = B  and f = id, the amalgamated A   idI  is called
amalgamated duplication of a ring A  along the ideal I
and denoted A    I  (Introduced in 2007 by D’Anna and
Fontana, [9]). This construction can be presented as a
bi-amalgamated algebra as follows:
AI  =  Aid,id(I,  I)
This paper studies the (weak) global dimension of bi-
amalgamated algebras over pure ideals and gives some
results concerning the (weak) global dimension of the
amalgamated duplication of a ring along an ideal.
Throughout, let f  : A  →  B  and g  : A →  C  be two ring
homomorphisms and let J, J′ two ideals of B and C,
respectively, such that I  : = f−1(J) = g−1(J′). Let
Af,g(J,  J ′)
=  {(f  (a) +  j,  g(a) +  j′) | a ∈ A,  (j,  j′) ∈ J  ×  J ′}
the bi-amalgamation of A  with (B, C) along (J, J′) with
respect to (f, g).
2.  Global  dimension  of  bi-amalgamated  algebras
along pure  ideals
Let R be a ring and M  an R-module. A submodule N  of
M is called pure submodule of M  if for every R-module
L the sequence
0 →  N⊗RL  →  M⊗RL →  M/N⊗RL  →  0
is exact. In particular, for M  = R and I  = N  is an ideal
of R, I  is called a pure ideal of R [10]. Pure ideals of a
rings R  are ideals I  such that R/I  is flat R-modules [10,
Theorem 1.2.15].
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The purpose of this section is to characterize the
lobal dimension of bi-amalgamated algebras over pure
deals.
Consider the following pullback of rings:
where μ1 and μ2 are the surjection mor-
hisms induced from the canonical surjections of
f(A) + J) ×  (g(A) + J′) into f(A) + J and g(A) + J′, respec-
ively, and α(f  (a) +  j) =  a and β(g(a) +  j′) =  a, for
ach a  ∈  A  and j, j′ ∈  J ×  J′.
Throughout, the rings f(A) + J  and g(A) + J′ are con-
idered as (Af,  g(J,  J ′))-modules via μ1 and μ2,
espectively.
emma 2.1.  We  have  the  following  isomorphisms  of
Af, g(J,  J ′))-modules:
Af,  g(J,  J ′)
0 ×  J ′
∼= f (A) +  J  and
Af, g(J,  J ′)
J ×  0
∼= g(A) +  J ′
roof.  It is easily seen that the surjective canonical
ap μ1 : A   f,g(J, J′)   f(A) + J  is a homomorphism of
Af, g(J,  J ′))-modules. If f(a) + j  = 0 for some a  ∈  A
nd j ∈  J, then g(a) + j′ ∈  J′ for any j′ ∈  J′. So the kernel of
1 coincides with 0 ×  J′. Hence, the first isomorphism
olds and the second one follows similarly. 
emma 2.2  ([10],Theorem 1.2.15). Let  A  be  a  ring  and
et I  be  an  ideal  of  A.  The  following  conditions  are  equiv-
lent:
 I  is  a  pure  ideal  of  A.
 A/I is  ﬂat.
 If a  ∈  I  there  exists  an  element  c ∈ I such  (1 −  c)a  = 0
 Im =  0 or  Im =  Rm for  each  maximal  ideal  m of  A.
emma 2.3.  The (Af,  g(J,  J ′))-module  f(A) + J  (resp.
(A) + J′)  is  ﬂat  if  and  if  J′ (resp.  J)  is  a  pure  ideal  of
(A) + J′ (resp.  f(A) + J).
roof.  Following Lemmas 2.1 and 2.2, f(A) + J  is flatf and only if, for each (0, j1′) ∈0 ×  J′ there exists ((0,
2′) ∈0 ×  J′ such that
0,  (1 −  j′2)j′1) = ((1,  1) −  (0,  j′2)) (0,  j′1) =  (0,  0)University for Science 9 (2015) 361–365 363
This last condition is equivalent to that J′ is a pure ideal of
g(A) + J′. The respective equivalence follows similarly.

The main result of this section is formulated as fol-
lows:
Theorem 2.1.  Suppose  that  J and  J′ are  pure  ideals  of
f(A) + J and  g(A) + J′,  respectively.  Then,
gldim(Af,g(J,  J ′))
=  sup {gldim(f (A) +  J),  gldim(g(A) +  J ′)}
and
wgldim(Af,g(J,  J ′))
= sup {wgldim(f (A) + J),  wgldim(g(A) +  J ′)}
Proof.  Applying [4, Theorem 2] and [11, Corollary 6]
to the fiber product
we obtain
gldim(Af,g(J,  J ′) 
sup {gldim(f  (A) +  J),  gldim(g(A) +  J ′)}
and
wgldim(Af,g(J,  J ′) 
sup {wgldim(f (A) +  J),  wgldim(g(A) +  J ′)}
since f(A) + J and g(A) + J′ are flat (Af,  g(J,  J ′))-
modules (by Lemma 2.3).
“” For short, set R : = A   f,g(J, J′). Let M  be an
(f(A) + J)-module. It is clear that M  can be also seen as
an R-module via μ1 as follows:
(f  (a) +  j,  g(a) +  j′).m  =  (f  (a) +  j)m
For any r  ∈  J′ and m  ∈ M,
m  ⊗  (0,  r) =  m  ⊗  (0,  r)(1,  1) =  (0,  r)m  ⊗  (1,  1)
= 0 ⊗  (1,  1) = 0
Thus, M  ⊗ R(0 ×  J′) =0. The kernel of the surjective R-
′homomorphism 1M ⊗  μ1 coincides with M  ⊗ R(0 ×  J ),
and thus it is an isomorphism of R-modules.
Consider the isomorphism of R-modules
ψ = (1M ⊗  μ1) ◦  θ : M  →  M  ⊗ R(f(A) + J) where θ  is
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the natural isomorphism M  →  M  ⊗ RR. It is clear that ψ
is also an isomorphism of (f(A) + J)-modules. Indeed,
for each a  ∈  A, j ∈  J  and m  ∈ M,
ψ((f  (a) +  j)m) =  (1M ⊗  μ1)((f  (a) +  j)m  ⊗  (1,  1))
= (f  (a) +  j)m  ⊗  1
= (f  (a) +  j,  g(a)).m  ⊗  1
= m  ⊗  (f  (a) +  j,  g(a)).1
= m  ⊗  (f  (a) +  j)
= (f  (a) +  j).(m  ⊗  1)
= (f  (a) +  j).ψ(m)
Thus, we conclude that M∼=M ⊗ R(f(A) + J) as
(f(A) + J)-modules.
Now, suppose that gldim(R) = d< ∞  (resp.
wgldim(R) = d< ∞) and let
0 →  ·  · ·Pd →  .  . .  →  P1 →  P0 →  M  →  0
be an R-projective resolution of M  (resp. R-flat res-
olution of M). Since f(A) + J  is flat, by Lemma 2.3,
we obtain the following (f(A) + J)-projective resolution
(resp. (f(A) + J)-flat resolution) of M  ⊗ R(f(A) + J) ∼=M
0 →  Pd⊗R(f  (A) +  J) →  · · · →  P0⊗R(f  (A) +  J)
→ M⊗R(f  (A) +  J) →  0
Thus, pdf(A)+J(M)   d  (resp. fdf(A)+J(M)   d), and so
gldim(f(A) + J)   d (resp. wgldim(f(A) + J)   d). Simi-
larly, gldim(g(A) + J′)   d  (resp. wgldim(g(A) + J′)   d).

Corollary  2.1.  Let  f : A  →  B  be  a  ring  homomorphism
and  J  a  pure  ideal  of  B  such  f−1(J) is  a  pure  ideal  of  A.
Then,
gldim(Af J) =  sup {gldim(A), gldim(f  (A) +  J)}
and
wgldim(Af J)
= sup {wgldim(A),  wgldim(f  (A) +  J)}
Proof.  Seen that J  is also a pure ideal of f(A) + J,
the result follows immediately from Theorem 2.1 since
f ι,f −1A  J  = A   (f (J), J).
Corollary  2.2.  Let  A  be  a  ring  and  I  a pure  ideal  of  A.
Then,
gldim(AI) =  gldim(A)University for Science 9 (2015) 361–365
and
wgldim(AI) =  wgldim(A)
Corollary  2.3.  Let  f  : A  →  B  be  a ring  homomorphism
and J a pure  ideal  of  B. If  A  is  a  Von  Neumann  regular
ring, then
gldim(Af J) =  sup {gldim(A),  gldim(f  (A) +  J))}
and
wgldim(Af J) =  wgldim(f  (A) +  J)
Proof.  Since A/f−1(J) is a flat A-module, f−1(J) is
always a pure ideal of A. Then, this result is a particular
case of Corollary 2.1.
Corollary  2.4.  If  J  and  J′ are  generated  by  idempotent
element respectively,  then
gldim(Af,g(J,  J ′)
=  sup{gldim(f  (A) +  J),  gldim(g(A) +  J ′)}
and
wgldim(Af,g(J,  J ′)
=  sup{wgldim(f  (A) +  J),  wgldim(g(A) +  J ′)}
Proof.  Follows from Theorem 2.1 since ideals gener-
ated by idempotent elements are pures. 
Corollary  2.5.  Let  A be  a  ring  and  I  an  ideal  of A
generated by  idempotent  element.  Then,
gldim(AI) =  gldim(A)
and
wgldim(AI) =  wgldim(A)
Recall that a ring A is called FP-ring if every principal
ideal of A  is flat.
Proposition  2.1.  Let  A  be  a  ring  and  I  an  ideal  of  A.
If A   I  is  a  PF-ring  then  A  is  a  PF-ring  and  I is  a  pure
ideal of  A.
Proof. (⇒) Let m  be a maximal ideal of A.
If I ⊆  m, then m    I  is a maximal ideal of A    I, and
we have
(AI)mI ∼= AmIm
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ollowing [10, Theorem 4.2.2], Am   Im is an domain,
n so Im = 0 and Am is a domain.
If I   m, then m  =  {(x,  x  +  i) | x  ∈  A,  i ∈ I,  x  +  i  ∈
} is a maximal ideal of A    I, and we have
AI)m ∼= Am
nd we have Im = Am. Thus, A  is a PF-ring and I  is a pure
deal of A.
orollary  2.1.  Let  A  be  a  Noetherian  ring,  I  an  ideal  of
 and  d an  integer.  Then,  the  following  are  equivalent:
 gldim(A    I) = d.
 gldim(A) = d and  I  is  generated  by  an  idempotent  ele-
ment.
roof. Since A    I  = A   ι,ι(I, I) and following
orollary 2.5, it suffices to show that (1) implies that
 is generated by an idempotent element. Note that A    I
s a Noetherian ring, and so it is a regular ring provided
1), and so a PF-ring. Hence, by Proposition 2.1, I  is
 pure ideal of A. Thus, A/I  is a finitely presented flat
odule, and so projective. Hence, I  is generated by an
dempotent element. 
orollary  2.2.  Let  A  be  a  ring,  I an  ideal  of  A  and  d  an
nteger. Suppose  that  A    I  is  coherent  (in  particular  if  A
s coherent  and  I  is  a  ﬁnitely  generated  ideal),  Then,  the
ollowing are  equivalent:
 wgldim(A    I) = d.
 wgldim(A) = d  and  I  is  a pure  ideal  of  A.
roof. Follows from [10, Theorem 4.2.2 & Corollary
.2.4.], Proposition 2.1 and Theorem 2.1. orollary  2.3.  Let  A  be  a ring  and  I  an  ideal  of  A.  Then,
he following  are  equivalent:
 gldim(A    I) = 2.
[
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2 gldim(A) = 2 and  I  is  a pure  ideal  of  A.
Proof. Follows from [10, Theorem 4.2.2 & Corollary
4.2.5], Proposition 2.1 and Theorem 2.1. 
Corollary 2.4.  Let  A be  a  ring  and  I  an  ideal  of  A.  Then,
the following  are  equivalent:
1 wgldim(A    I) = 1.
2 wgldim(A) = 1 and  I  is  a  pure  ideal  of  A.
Proof. Follows from [10, Theorem 4.2.2 & Corollary
4.2.6], Proposition 2.1 and Theorem 2.1. 
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